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Abstract 

Recently a general principle, called c-extrcmization, which determines the exact R-symmetry of two-dimensional SCFTs 
^■f-^ with TV = (0, 2) supersymmetry was identified. In this note we show that the supergravity dual corresponds to the 
T-H extremization of the T-tensor of TV = 2 gauged supergravity in three-dimensions. To support this claim, we demonstrate 
that the expected central charge of SCFTs arising from twisted compactifications of four-dimensional A/" = 4 SYM on 
Tliemann surfaces, whose gravity dual is a reduction of five-dimensional U{1)^ gauged supergravity, is recovered in the 
M three-dimensional framework. 



■1. Introduction 



c-extremization Q for two-dimensional superconfor- 
mal field theories (SCFTs) shares much in common with its 
higher-dimensional counterpart, a-maximization Re- 
CL(Call that for theories flowing to IR SCFTs, the R-symmetry 
^ IS not unique and can mix with flavour symmetries lead- 
l ing to an ambiguity over the exact superconformal R- 
'symmetry at the flxed point. The respective principles 
address this issue through the identification of a process 



In which one extremises a polynomial constructed from 't 



X 



Hooft anomalies which are themselves recognised as invari- 
'ances of RG flows. 
^ ! Through the AdS /CFT correspondence 0, S Q , we can 
[understand these SCFTs at large in terms of super- 
symmetric anti-de Sitter space-times where, in the case 
'of string/M-theory backgrounds, the R-symmetry U{l)ii 
may be a particular linear combination of the U{1) isome- 
^ tries of the internal geometry. For Sasaki-Einstein man- 
ifolds, a purely geometric extrcmisation principle 0, Q 
texplains how the Reeb vector dual to U{l)ji can be de- 
termined by minimising the volume of the internal man- 
ifold. This process may be regarded as equivalent to a- 
maximization [^, [l^l . 

More generally, a-maximization has an interpretation in 
terms of the minimisation of the Killing prepotential of 
J\f ~ 2 gauged supergravity in five dimensions jTl|. Re- 
cently, thisprocedurc has been applied to a dimensional 
reduction of a family of supergravity solutions l^, 14| 
corresponding to M5-branes wrapped on Riemann surfaces 
which includes the earlier examples of 15 3- The geometric 
dual of a-maximization for the general class of geometries 
in [l7| remains an open problem. 
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Recent developments beg the question what is the 
AdS/CFT dual description for c-extremization. To ad- 



dress this problem, we tailor the arguments of [ll| to the 
language of three-dimensional gauged supergravity and, in 
the so-called T-tensor of TV = 2 gauged supergravity, we 
identify a function that, when extremised, produces the 
central charge. As we will discuss in the next section, 
for TV = 2 gauged supergravity, only the T-tensor T and 
the holomorphic superpotential W appear in the scalar 
potential. When the R-symmetry is gauged, consistency 
requires that W = , so the potential depends only on 
T. Therefore, for SO{2)ji ^ C^(1)_r gauged supergravities 
with AdSs vacua, the extrcmisation of T naturally leads 
to the minimum of the potential. 

2. Review of c-extremization 

In a non-conformal TV = (0, 2) supcrsymmetric the- 
ory with J7(l)/f R-symmctry, the R-symmetry is not 
uniquely defined and mixing of [/(l)^ with the other 
Abelian fiavour symmetries is permitted. At a confor- 
mal fixed point this changes, and an exact superconfor- 
mal R-symmetry is picked out. To identify this exact R- 
synimetry at the superconformal fixed point, fll, I3| intro- 
duced a "trial R-current" 



'it) 



jr 



(1) 



M(#r) 



where is a choice of the R-symmetry current and 
J^^ {M ^ r) are Abelian flavour symmetry currents. From 
r2^''(f) one constructs a quadratic function c^^{t) which is 
proportional to the 't Hooft anomaly of Vl^^it): 



c^(i) = 3 F 



2 ^^^"^ 



M 



MN 



(2) 



Preprint submitted to Elsevier 



March 5, 2013 



where k^'^^ are the 't Hooft anomaly coefficients. Recall 
that these anomalies arise in the context of theories with 
U{1)^ global symmetry when the theory is coupled to non- 
dynamical vector fields A^^ ,M = 1,. . . ,P, in a curved 
background with metric .g^,y . The anomalous violations of 
current conservation are then given by 



El.MN r. 



N 



where F^^ = dA^^ , T^^ is the stress tensor and F^^ is the 
Levi-Civita connection for g^^. 

The trial c-function ^ can be motivated from a study 
of the M = 2 superconformal algebra P, Q- In partic- 
ular, for supercharges Q with R-charge 1, the algebra 
fixes a relation between the central charge cr and the 
R-symmetry anomaly cr — 3fc''''. In addition, it can be 
shown in a renormalization scheme where all currents are 
primary fields that there are no mixed anomalies between 
the superconformal R-current and flavour currents. This 
imposes the constraint fc*"*^ = 0, MM / r, and leads to the 
extremality condition 



(3) 



Since c5^(i) is quadratic, there is a unique solution. 

3. A/* = 2 Supergravity 

Here, following the notation of [l^l, we present a suc- 
cinct review oi H = 2 gauged supergravity in three di- 
mensions. The field content comprises scalar fields 
spinor fields x% both with i = 1, . . . , d, a dreibein e^", the 
spin-connecton w"'' and two gravitini V'/i:-^ = lj2, which 
transform under the R-symmetry group SO{2). 

The target space for the scalars is a Kahler manifold. 
As such, it is convenient to decompose the d real fields 
into d/2 complex ones and their corresponding complex 
conjugates, — > (0*,^*). The Kahler manifold can then 
be locally written in terms of a metric gfi = did^lC where 
JC{(j), (j)) is the Kahler potential. 

As explained in [18[, a subgroup of isometrics may be 
gauged through the introduction of an embedding tensor 
Qmn which defines the Killing vectors that generate the 
gauge group X* = g8jv/ArA^(x)X^*, where g is the gauge 
coupling constant and A^(a;) denotes the gauge group pa- 
rameters. As is customary, the embedding tensor appears 
along with gauge fields A^^ in the definition of covariant 
derivative 

V^^' = d^cj,' + g eA/jvAf (4) 

and also appears in the (Abelian) Chern-Simons (CS) term 
in the Lagrangian 



^cs = eMJva.A 



The embedding tensor also crops up in the T-tensor T = 
2V^QmnV^ where V is the moment map of the gauged 
isometries. We observe here that the T-tensor is quadratic 
in the moment maps, so structurally it bears some resem- 
blance to the trial c-function 

Lastly, the scalar potential of the gauged theory may be 
expressed in terms of a real superpotential F: 



V = -g^ 8F'^ - 8g''^,F^^F 



(6) 



where one can choose F to be one of the eigenvalues of the 
gravitino mass matrix F = —T ±e^^^\W\, where W is the 
holomorphic superpotential satisfying diW = diW = 0. 
The potential tells us that, even in the absence of gauging, 
one can generate a cosmological constant with constant 
W . An alternative way to do this involves gauging the 
R-symmetry group, in which case T is a non-zero constant 
with W = Q. When the R-symmetry is gauged W must 
vanish since it transforms non-trivially under S0{2)fi. 

3.1. Dual of c-extremization 

Now that we have discussed the rudiments of Af = 2 



gauged supergravity, we can recast the argument of in 
terms of three-dimensional language. We start by noting 
that the embedding tensor Qmn encodes the CS terms 
and as observed in Q these correspond to the 't Hooft 
anomalies k^^^ . The exact relationship for wrapped D3- 
brane geometries we will introduce later. 

Next, we remark that for two-dimensional superconfor- 
mal theories, the corresponding AdSs dual geometry will 
preserve four supersymmetries. In particular, one can 
verify that the Killing spinor equations [3] are satisfied 
when diT ~ since, with R-symmetry gauging, W has 
to be zero. Going further, from an analysis of the anti- 
commutator of the supercharges acting on the scalars, one 
can infer that the superconformal R-symmetry is 



(7) 



where Qm, M ^ 1, . . . , P, are charges corresponding to the 
currents j!^^ and i is a constant of proportionalifrv As in 



[11| , the gauge transformation for the gravitino [IE 

V^^i = d.^lji + .gOMwAf V^^'V.' • • • (8) 

allows us to use the fact that the gravitino has R- 
charge one to fix the constant of proportionality, i.e. 
S'^'QmnV^ = 1, leading to 



(9) 



where T is the T-tensor we introduced earlier. We are now 
in a position to propose the supergravity trial c-function 



(10) 



(5) 



Observe that this trial function is extremised when diT = 
which is precisely the condition for a supersymmetric 



2 



AdSs vacuum. Furthermore, for D3-branes wrapped on a 
Riemann surface S, we can infer the constant of propor- 
tionahty from (3.15) of 



where A is a scalar warp factor and S is a Riemann surface 
with constant curvature k = — 1,0, 1. In tandem, we take 
an appropriate ansatz for the field strengths 



MN, 



(11) 



where da is the dimension of the gauge group G and rj^ is 
related to the volume of the Riemann surface 5^ vols = Vs- 
We now recall that the trial c-function 1^ is of the form 
cr ^ 3fc*^^ ^ ^ilY; dcQMN, where we have used PT|) . 
This suggests that the trial c-function from the supergrav- 
ity perspective should be 



CR 



3??s dp 
T ' 



(12) 



In the next section, we show that this formula recov- 
ers the expected central charge for the wrapped D3-brane 
geometries discussed in [l|, [H . 

4. AdSs vacua from D3-branes 

In this section, to back up our claim, we revisit the ini- 
tial example of c-extremization presented in Q (later m 
m ) , but here recast it in the language of three-dimensional 
gauged supcrgravity. Our point of departure will be five- 
dimensional U{1)^ gauged supcrgravity, which in turn may 
be embedded into type IIB supcrgravity in ten dimensions 
figl . The action reads 

2 3 

2 pi pipa 



(13) 



where e is the determinant of the vielbein, denotes the 
gauge fields, V5 labels the potential 



(14) 



and for completeness we define the constrained scalars 



Xi = e Hv^'' 



-\/2<p2 



Xo = e 



-\/2ip2 



(15) 



with following from the constraint = 1. Ob- 

serve also that for simplicity we have set the gauge cou- 
pling of the U{1)'^ theory to unity g = 1. This theory 
permits the following chain of further consistent trun- 
cations: {ip2 — 0,F^ ~ F^} — > C/(l)^ gauging and 
= ip2 = 0, = F'^ = F^} — > minimal gauged super- 
gravity, where in the latter case the retained gauge field is 
the graviphoton. 

To establish a connection to three dimensions, we adopt 
the following ansatz for five-dimensional space-time 



dsi 



■e^^ds^i:) 



(16) 



F' 



-flivols + G\ 



(17) 



where closure of F^ implies that are constants and that 
associated to each G' we have gauge potential B*, G* = 
dB^ . In addition, we make the natural assumption that 
the scalars <pi do not depend on the coordinates of the 
Riemann surface. 

Plugging the ansatz into the five-dimensional equations 
of motion and reconstructing the Lagrangian, or alterna- 
tively performing the reduction at the level of the action, 
one finds a three-dimensional theory of the form 



1 ^ 

e-i/:3 = R-(S{dAf--Y,{d^,f 



„4A 



(18) 



where the final line corresponds to the topological Chcrn- 
Simons (CS) term and the new potential is 



E 



X,, 



1 e 



-8A 



2 X 
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2Ke 



-6A 



(19) 



We can now dualise the gauge fields to bring the action 
to the canonical form of a non-linear sigma model coupled 
to gravity [l3l- To do this, we redefine the field strengths 



G* = Xfe~^^ 



*DY,, DY, = dY,-]^\e,,k\a,B^ 



(20) 



and rewrite the fields e ' = e X~ . This rewriting has 
the added bonus that the scalars are then canonically nor- 
malised. In performing this action, the CS terms remain 
and one can check that varying the gauge fields leads to 
the duality relations ([20)1 . 

The structure of TV = 2 supcrgravity is now manifest. 
In particular, one can see that the scalar manifold corre- 
sponds to the cosct [SU{1, l)/t/(l)]^ where each factor is 
parametrised by a complex coordinate 



lYi . 



(21) 



This is in line with expectations, since in [20[ the same 
coset appears when ungauged supcrgravity is reduced on 
an 5'^. However, one important distinction here is that 
the R-symmetry is gauged so = 0. To make the Kahler 
structure of the scalar target space more explicit, we can 
introduce a Kahler potential 



/C = -^log(Kz,). 



(22) 



Now that we understand the scalar manifold, it is relatively 
easy to extract the T-tensor 



1 



1 



(23) 



and check that it reproduces the expected terms in the po- 
tential (|19p . The required gauging of the R-symmetry can 
also be verified from reducing the Killing spinor equations 
from five dimensions. 

We can now minimise the potential with the supersym- 
metry condition ai + 02 + 03 = — k [isj leading to the 
supersymmetric AdS^ vacuum presented in [l| , where the 
non-zero scalars are 



0-1X2 4- 02-^1 



ai(a2 -f 03 - ai) 
03(01 + 02 - 03) ' 



(24) 

X2 _ 02(01 + 03 - 02) 
X:!, 03(01+02-03) 



This is also a critical point of T as expected for supersym- 
metric critical points. 

In terms of T, the AdS^, radius is now £ = 1/(2T). One 
can then determine the central charge by using the stan- 
dard holographic prescription [U, [22 | 



U 
20(3) ' 



(25) 



and recalling that G^^) = G^^^ /vols where G^^^ = n/{2N'^) 
in the conventions of Q . The result is 



CR 



12010203772 A^^ 



2(0l02 + 0103 + O2O3) - oj 



(26) 



which is, as expected, in perfect agreement with [l|, 0- 
As an added bonus, one can also confirm that the exact 
superconformal R-symmetry (O agrees with (3.4) of 0. 



5. Summary 

In this letter, we have proposed a natural three- 
dimensional supergravity description of c-extremization 
for SCFTs with J\f = (0, 2) supersymmetry. In light of the 
work of [llj, it is not too surprising that the T-tensor is 
the function being extremised. From the gravity perspec- 
tive, it is already well understood [2^ that the holographic 
c-function should be inversely proportional to the real su- 
pcrpotcntial, and for certain three-dimensional flows, this 



is the case 124|. The task remains to identify the gauged 



supergravities corresponding to the wrapped M5-brane ex- 
amples presented in 0]. We also hope to identify three- 
dimensional gauged supergravities which arise from dimen- 
sional reductions of more generic wrap ped-brane geome- 
tries, such as those discussed in 25l l26l |27|. 
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